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Abstract

In this paper the incoherent waves reflected by a random medium in the
parabolic regime are considered. The case in which the medium has
anisotropic three-dimensional rapid random fluctuations and one-dimensional
slow variations is analyzed. First, it is shown how the second-order statistics of
the reflected wave is determined by the slow spatial variations of the background
velocity, the scattering coefficient and the absorption coefficient of the medium
via a system of transport equations. Next, it is shown how observations of
the time-dependent intensity, spatial radius and spectral radius of the reflected
wave can be used to invert this system in order to reconstruct the parameters of
the medium. Finally, it is shown that the analytic framework set forth can also
be used to analyze the time dynamics of weak localization.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The parabolic regime for wave propagation in random media describes many important
physical situations, in geophysics [3], in optics [4, 14], in underwater acoustics [6, 15] or
in medical imaging [16]. This regime has been extensively studied and the properties of the
transmitted wave are well known. Much less is known about the reflected waves, because
the reflected waves are incoherent and have small amplitudes in this regime. However, in
many situations (in imaging or remote sensing) only the reflected waves can be measured,
and it is therefore important to study them and to show how information about the medium
can be extracted from the incoherent reflections. In [8] we showed that the second-order
moments of the reflected wave follow a system of transport equations in the case in which
the background velocity and impedance are constant, the medium is non-absorbing and the
random fluctuations of the medium are spatially stationary. In this paper we continue this
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analysis, we now assume that the medium is absorbing and has two types of fluctuations: on the
one hand, one-dimensional, deterministic, slow and smooth variations, and on the other hand,
anisotropic three-dimensional, random and rapid fluctuations. In this case the heterogeneities
in the medium do not create coherent reflected waves, the reflected waves are incoherent. We
develop the generalized system of transport equations in this inhomogeneous case, and we
show how the second-order statistics of the reflected waves depend on the slow variations
of the parameters of the medium. With this result we show that it is possible to image the
medium from the observation of the incoherent reflected waves, in the sense that it is possible
to invert the system of transport equations from the observation of the cross correlations of
the reflected wave and to reconstruct the one dimensional, slowly varying components of the
parameters of the medium.

Inverse problems in which one seeks to detect large-scale features of the environment from
multiply scattered waves have been addressed in a number of configurations, in particular in
[1,5,7,13,20]. Inthese papers, the authors address the situation in which the slow background
variations and the rapid random fluctuations of the medium are one dimensional. In our paper,
we discuss the case in which the slow background variations are one dimensional and the
rapid random fluctuations are three dimensional. This setting is particularly relevant for
background velocity estimation in geophysics. The formulation we use here is similar to that
used in [1], the information about the large-scale features of the medium is contained in the
cross moments of the reflected wave, which are solutions of transport equations in which the
background velocity appears. The inverse problem then consists in inverting the system of
transport equations.

In addition to solving the inverse problem, the analysis of the second-order statistics of
the reflected wave allows us to study carefully the enhanced backscattering phenomenon.
Enhanced backscattering (or weak localization) refers to the phenomenon that when an
incoming plane wave is applied with a given incidence angle, the mean reflected power
has a local maximum in the backscattered direction, twice as large as the mean reflected
power in the other directions. It was first predicted by physicists [2, 19] and then observed
in several experimental contexts [11, 17, 18, 21]. In this paper we study the dynamics of
weak localization. We show that the enhanced backscattering factor converges in time to 2 at
an exponential rate, while the angular width of the enhanced backscattering cone decays as a
power law.

The paper is organized as follows. We introduce the scaling regime and the quantities
of interest in section 2, and we present the system of transport equations for the reflection
operator in section 3. Then, we study systematically the second-order statistics of the reflected
waves in section 4, including enhanced backscattering in section 5. We use our results in
the context of imaging problems in section 6. Finally, in section 7, we carry out numerical
simulations in the case in which the background velocity or the statistical properties of the
microstructure is stepwise constant, and when the detection problem involves identification
of the location of the interface at which the parameters change and also the parameters of the
medium on either side.

2. Waves in a random medium

We consider linear acoustic waves propagating in 1 +d spatial dimensions with heterogeneous
and random medium fluctuations. The governing equations are

1 9
P v .ou=0, )

ou
, —+Vp+ , — F’ JE—
p.@) at Py @u K(z, x) ot



Inverse Problems 25 (2009) 045005 J Garnier and K Sglna

where p is the pressure, u is the velocity, p is the density of the medium, K is the bulk modulus
of the medium, y is the absorption coefficient and (z, ) € R x R are the space coordinates.
The source is modeled by the forcing term F'. Here we shall focus on propagation through
and reflection from a random slab occupying the interval z € (0, L) with the source F’ located
outside of the slab, say at z = L. The parameterization is motivated by waves probing for
instance the heterogeneous earth and one may think of z as the main probing direction. We
shall refer to waves propagating in a direction with a positive z component as right-propagating
waves.

The medium parameters in the random slab (0, L) have two types of spatial variations: on
the one hand, anisotropic three-dimensional, small, rapid and random fluctuations and on the
other hand, one-dimensional, slow, and deterministic variations (those that we want to identify
in the imaging problem). Outside the slab (0, L) the medium is non-absorbing and has only
slow and smooth variations. The medium is assumed to be matched at the boundaries z = 0
and z = L. The medium parameters can be written as

Ky'(2) if z<0,
XD Ky'(2) (1 + vk (z, @) if ze(0,1L),
K;'(2) if z>1L,
0 if z<0,
p(z, ) = po(2), vz, ) = () if ze(0,L),
0 if z>1L,

where pg, K¢ and yy are the deterministic smooth functions that describe the one-dimensional
slow variations of the medium and the random field vk (z, ) models the three-dimensional
rapid random fluctuations. The process vk has zero mean and its autocorrelation function is
of the form
Cx(z,7,2) =Elvg(z+ 7,z +x)vg(z, )]

Note that Cg does not depend on x, which means that the statistics of vk is stationary in
the transverse direction, but Cx does depend on z. As explained in detail below we shall
assume that the dependence on z is relatively slow and that the statistics is locally stationary
in the longitudinal direction. We assume that the random fluctuations of the medium are
smooth in x’ so that C is at least twice differentiable at ' = 0, with A, Cg(z,0,0) < 0.
The longitudinal (respectively transverse) correlation radius /, (respectively /,) of the random
fluctuations and the standard deviation o can be defined by

1 L
o’ = —/ Cx(z,0,0)dz, )
L Jo
1 L poo
2 / /
o’l, = —/ / Ck(z,7,0)d7 dz, 3)
L 0 J—o0
oL (" Cx(z,0,0)d ©))
l% = dL A zCK\Z, VY, Z.

The source is located at the surface z = L and it has the form
F(tv Z, w) = fS(t’ w)a(z - L)ezs
where e, is the unit vector pointing in the z-direction. We denote by wy the typical frequency

of the source term f; and by Ry the diameter of its spatial support (which gives the initial beam
width). The typical wavelength associated with the typical frequency wy is Lo = 2w co(L)/wo,

for co(L) = /Ko(L)/po(L) the background speed at z = L.
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2.1. Scaling

We now describe the scaling regime that we consider in this paper, which ensures that both
the paraxial (or parabolic) approximation and the white-noise approximation are valid. We
introduce a typical propagation distance /,, which is of the same order as the width L of the
random slab:

(i) We assume that the longitudinal correlation length [, of the medium is smaller than the
transverse correlation length [,, which is smaller than the propagation distance /,. In
geophysics we typically have [, ~ 10* m, I, ~ 10>~10° m and [, ~ 1-10 m. Denoting
by & the ratio between the longitudinal correlation length /., and the propagation distance
lp, we assume that we have [,/[, = €2 and I:/l, ~ €. In this regime we anticipate
that the longitudinal random fluctuations of the medium can be approximated by a ‘white
noise’. We remark that the statistics of the medium may change on the scale say of major
geological features, corresponding to the scale /,,.

(ii)) We assume that the width of the beam R; and the transverse correlation length of the
medium /, are of the same order. In geophysics the source can be an explosion at the
sea surface that generates a field which expands so that its width becomes of the order of
10>-10° m at the sea bottom. Accordingly we assume that the ratio Ry// p is of order &.
In this regime, there is a non-trivial interaction between the transverse fluctuations of the
medium and the beam.

(iii) We assume that the typical wavelength 1y of the source is of the same order as the
longitudinal correlation length [,. In geophysics we typically have 1o = 10-10*> m.
Accordingly we assume that the ratio Ao/, is of order £2. In this regime, there is a
non-trivial interaction between the longitudinal fluctuations of the medium and the beam.
Moreover, the ratio of the Rayleigh length JTR(% / A over the propagation distance [, is
also of order one. Since the Rayleigh length is the distance from beam waist where the
beam area is doubled by diffraction in a homogeneous medium, this means that diffraction
effects are expected to be of order one, which corresponds to the parabolic regime.

(iv) We assume that the amplitude of the random medium fluctuations is weak. In geophysics
the fluctuations of the sound speed in the earth’s crust is of the order of 10%. Accordingly
we assume that o ~ ¢.

We now put the system in dimensionless form. We consider the propagation distance,
I, as our reference distance. We denote by p and K a typical density and bulk modulus (for
instance, the density and bulk modulus at the surface), and by ¢ = /K /p and ¢ = \/E the
corresponding speed and impedance. The evolution equations for the dimensionless variables
(p, @)(7, Z, &) defined by

w=E{"a,  p=Vp,  F=1,§"F,  p=pp,  K=KK,
y =¢l,'p, L=1,L, (z,2) =1,z &), t=1,c"7

have the form (1), however, with the ‘tilde’ quantities. In this new frame the width of the
random slab is of order one, the typical wavelength and the longitudinal correlation length are
of order &2, and so on. From now on we drop the tildes.

In the dimensionless frame the source has the form
. 1 t x
F (tvzam):_f _27_ B(Z_L)ez’ (5)
e g* ¢

where f(t,x) is the normalized source shape function (with time and spatial scales of
variations of order one). The strong amplitude factor 1/¢ ensures that the reflected wave
has a typical amplitude of order one (this is in fact not important since the propagation
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equations are linear). The Fourier transform in 7 of f is assumed to have a compact support
contained in +[wy(1 — B), wo(1 + B)], where wy is the carrier frequency and 2B is the relative
bandwidth.

The medium fluctuations have the form

K;'(2) if ze(—00,0),
Z X
_— = K71 1 s T f O’ L ’
X G s (Z)( +sv(z = s)) if ze€(,L)
Ky'(2) if ze(L,o0),
p°(z, ) = po(2),
0 it ze(—00,0),
Yoz ) = {1k if ze€(0,L),
0 it ze(L,o00),

where K, pp and y; are smooth functions (of class C?) with scales of variations of order
one. The random field v(z, 7/, ) models the spatial fluctuations of the medium. For a fixed
z, we assume that (z/, ') — v(z, 7/, «’) is a zero-mean stationary random process which
satisfies strong mixing conditions with respect to the variable z’. The dependence with respect
to the first variable z models a variation along the longitudinal direction of the statistical
properties of the random fluctuations. The important statistical information is contained in the
autocorrelation function defined by

C(z, 7, &) =Ev(z, 2" +7, " +x)v(z, ", ")), (6)

which is assumed to be at least twice differentiable at ' = 0 and vanishing as |x'| — oo.
Since both the medium and the source have transverse spatial variations at the scale ¢, it

is convenient to rescale the transverse variable /¢ — x and to introduce the rescaled fields
u® and p®:

u(t, z, ®) = ult, z, £@), pi(t,z, @) = p(t, z, ex). @)
The reader should keep in mind that thus, in the discussion below, when we refer to the
transversal spatial parameter « it corresponds to ez in the original coordinates.

2.2. Mode decomposition

In order to identify equations that give a convenient description of coupling between different
wave modes we now decompose the pressure and longitudinal velocity fields as

1/2 . .
Z 012 v o7 ol
Ptz @) = “’(2) f(éf @ zm)e 2 +b (0 zm)e 2 )e ' do, ®)
T
—-1/2 : :
b4 . e i@, e
e u(t, 2, @) = %/(a" @ z.x)e F —b (@ me’ * )e ' do, ©)
T

where ¢ and b° are right-propagating and left-propagating modes, respectively. Here we have
introduced the background impedance ¢,(z), velocity cy(z) and travel time 7((z):

v Ko(2) /Z dz’
= K S = —, = _—
0(2) = v Ko(z) po(2) co(2) e 70(2) | c0@)

In the homogeneous medium (v = 0 and py, Ko, o independent of z), expressions (8)
and (9) give a decomposition into uncoupled right- and left-propagating modes [6]. In the
inhomogeneous case, by substituting (8) and (9) into the wave equations (1) we obtain the

5
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Figure 1. Boundary conditions for the modes in the presence of a random slab (0, L) and a source
atz = L.

coupled mode equations:

G _ pege w28 poge - 0 (e | gy | Bol0) g (10)
dz 280(2) 280(2) 7
dbe . w1z . . orgz . / wrz

= W et — ool - 20D (@2 e ey - S0@ aimye (11)
dz 2¢0(2) 240(2)

where

. iw Z i
== Wz, -5, + Ala
2¢o(2)e g2 22 4 Djg2 1)
co(2) $0(2)

A is the transverse Laplacian and ¢; is the spatial derivative of ¢,. Note that the
evolution equations (10) and (11) have terms with rapid phases and rapid random fluctuations.
We anticipate that the terms with amplitudes of order one and rapid phases of the form
exp(£2iwTty(z)/€?) vanish in the limit ¢ — 0 by homogenization arguments (however, the
terms with rapid phases and large amplitudes of order ¢! deserve particular attention). Note
also that the random process appears in the scaled form %v(z, = :c), which is the scaling
of the diffusion approximation regime, thus we anticipate that these terms will give rise to
Brownian fields in the limit ¢ — 0.

Finally, we remark that indeed the right- and left-propagating modes give a complete
description with the transverse velocity field ey, - u®(t,z,x),i =1, ..., d, deriving from the
modes ¢ and b* as

—1/2 s
Ve €1
€y; 'us(tv 7,T) = €0( ) / ®

2T 102 10(2)
co(2) tie 0(2)

aég izuf(](z) BEF _iwro(z) _jer
X (w,z,)e 2 + (w,z,)e < Je < dw.
8)6,‘ 8)6,'

2.3. Boundary conditions

The mode amplitudes ¢° and b* satisfy the system (10) and (11) in the random slab z € (0, L).
This system is completed by boundary conditions corresponding to the presence of the source
term (5) in the plane z = L and the radiation condition at infinity, see figure 1.

Taking into account the fact that there is no source in (—o0, 0), the right-going mode
amplitudes a° are zero in this half-space. By the continuity of the fields p® and e, - u® at
z = 0, this gives the first boundary condition

& (w, 0%, ) =0, b (w,0%, ) = b (w, 0™, ). (12)

Taking into account the fact that there is no source in (L, 00), the left-going mode
amplitudes b° are zero in this half-space. The jump conditions across the source interface

6
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z = L then give the relation

. _ I jenw v 1 “
b (w, L™, x) = ge 2 bs(w, x), bs(w, x) = _Wﬂw’ x), (13)
where the time Fourier transform is defined by

Jo2)= f [, @)e dr. (14)

We also have

e . e _ 1 _jenw §
a (va 9x) =a (CL),L ’m)_ —-¢ B bs(wvx)a
&

which means that the field observed at L* is a right-going wave °(w, L*, ) that is the
superposition of the field reflected by the random slab, d°(w, L™, ), and of the field emitted
to the right by the source. This direct source contribution is concentrated in time on a small
interval with center at 0 and time width of order 2 and we will not take it into account in the
following.

2.4. Reflection and transmission operators

The system (10) and (11) is complemented by the boundary conditions (12) and (13) atz =0
and z = L. Asaconsequence, the modes (d?, Bs) are not adapted to the filtration of the random
process v, so that the limit theorems for the solutions of random differential equations cannot
be applied directly, but a preliminary invariant imbedding step is necessary to obtain adapted
processes. We introduce reflection and transmission operators by defining the transverse
Fourier modes by

2 (0,7, k) = / & (0, z, ) e " da, b (w,z. k) = / b(w,z,x)e ™ dx,  (15)
and by making the ansatz for z € (0, L):
b (w,0, k) = /f’g(a),z,n, KN (w, z, k') dK/, (16)
i (w, 7, k) = /ﬁs(a), z, Kk, Kb (w, 2, k) dK'. (17)

The incoming wave is given by b¢(w, L™, k'), the operator 7¢(w, L, k, k') maps it to the
wave b* (w, 0, k) transmitted to z = 0 while the operator Ré(w, L, Kk, K) maps it to the wave
a®(w, L™, k) reflected from the random slab at z = L.

Using the mode coupling equations (10) and (11) one finds

2i w1 (2)

_70(2)7%5 T L (w, 7, Ky K

o(2)
. 01(2)

+e” 82/ RE(w, 2, K, KDL (0, 7, K1, K)RE (0, 2, K2, K') Ay dky

d ., , , -
d—R(a),z,m,n)z (w,z, kK, K)+e
b4

+ / L (w, 7, K, k)R (@, 2, K1, K) + RE (0, 2, K, k1)L (0, 7, K1, k') dkg

N ( 0@ | 5@
250(z)  2¢0(2)

+ (Vo(z) N ¢o(2) )eziw?zm
() 2¢0(2)

2i LF)Z(Z) De e /
e - Ri(w,z, 8, KR (w, z, K1, k') dK|

Sk —K), (18)
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d . R
L e, 2, k) = 22 g
dz 2¢0(2)

L w1 (2)

+e¥ / T8 (w, 2, k, KDL (0, 2, K1, K)RE (@, 2, Ko, K)) dk| dKy

+( Y0(2) N o(2)
280(z)  2¢0(z)

where we have defined

(0, 2, K, &/)+/75(w,z,n,m)ﬁg(w,z, ki, k') dk;

. w1(2) N N
)emi’z/f(w,z,m, KORE (@, 2, k1, &) dry,  (19)

£5( P Y (A LY ). (20)
R TP T R SR A R T FTERS
co(Z 0(Z

with D(z, 7/, &) the partial Fourier transform in &’ of v(z, z’, ') (as in (15)). This system is
complemented with the initial conditions

R (w,z=0,k,K) =0, T(w,2=0,k,K) =8(k — K), (21)

corresponding to the boundary conditions (12) and (13). Note that the reflection and
transmission operators are adapted to the filtration of the random process v. The reflected
wave field observed at the surface z = L is

L 1/2 cotol) ot
Pres(t, @) = %/ée(w, L, z)e = e 'ddo
T
L 12 et ~ . -
- 520()3” // RE(w, L, k, K)bs(w, k) "% 220D~ 40, 4 dk’.
T &

It is thus clear that the statistical properties of the reflected field are determined by those of the
reflection operator which in turn are determined by the medium parameters. We shall show
how this fact can be exploited to infer knowledge about the medium based on observations of
the reflected field.

Again the evolution equations (16) and (19) have terms with rapid phases and rapid
random fluctuations and we anticipate that the terms with amplitudes of order one and rapid
phases of the form exp(£2iwty(z)/ &%) have only small impact on the quantities of interest in
the limit ¢ — 0. This is confirmed by our analysis in appendix A. Thus, the terms involving ¢
which reflect backscattering associated with variations in the homogenized medium have only
a lower order influence. We stress that the inverse problem that we are considering here thus
has a different character from the traditional context in which (strong) backscattering from
the macroscale or homogenized medium is being used to for instance estimate velocity. We
consider here a regime where the traditional approaches fail since coherent backscattering is
relatively small and we have to use incoherent waves and their spectral contents for the task
of inferring knowledge about the macroscale medium parameters. This approach was taken
in [1], which dealt with the case of a perfectly layered medium, and the analysis here follows
a similar vein.

3. Asymptotic analysis of the reflection operator

3.1. Transport equations in the weak backscattering regime

The analysis carried out in appendix A first shows that odd-order moments of the reflection
operator are zero in the limit ¢ — 0. As a result the mean reflected field is zero:

lim E[ piys (1. )] = 0.
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The cross correlations of the reflected wave field are not zero and they provide information
about the medium. They can be written as

. So(L)
211(1)E[pfef(t’ w)pfef(t + 82S, .’E/)] (zn)2d+l W(Hl K2), (K3, H4)(w t,L)

x eI B=R @0 f (4 Vb (@, K4) dw dis; disy dics dica, (22)

where the cross spectral density W is defined by

. 1 n &h
W(H[,Kg),(l@},l@;) (CU, T, Z) = {;I\L% Z E R w + 77 Z, K1, k2

= 82/1 ih[t—2
xR w — Tk K e hr=20@I g (23)
It is possible to give a complete description of the cross spectral density in the frequency band
[wo — B, wy + B] of the source and in the regime of weak backscattering. Weak backscattering
occurs if

C(z.2 :
8= sup | (ZAw/CO(Z) al <1, 24

keR? ze(0,L),we[wo(1—B),wy(1+B)] C(z,0,0)

where C is the Fourier transform of the autocorrelation function C defined by
oo
Cz, k k) = / / C(z, 7, ) e &+ ) 47 da, (25)
R? J—o00

As can be seen in appendix A, the term 6(1, 2w/co(2), K) is Qroportional to the conversion
rate (at location z) between right- and left-going modes, while C(z, 0, ) is proportional to the
conversion rate between two left-going modes (or between two right-going modes). In other
words, § is the ratio of the backscattering rate over the forward scattering rate.

Proposition 3.1. In the weak backscattering regime the cross spectral density (23) has the
form

Wisim2). (65350 (@5 T, 2) = Vi) iy 40040112 (@, T, 2)8(K1 — K2 — K3 + Ka), (26)
where Vi, . ., (0, T, 2) is the solution of the system of transport equations

avﬁua”veﬁw + 2 av’ixunvs’iw _ _ZVO(Z) _ iCO(Z)
9z i@ 0t L@

Ky Koy K o Ky * Ky Vi, k. k0

VPN YEN CZOK' Vn nfnnfn'i'vn Ky —K,K n+vn —K,Ky, Ky
s | 0 Vet Ve Ve

+ Vnufnanvanw*'ﬁ - V51t75a51)7'€~’</1u - VK/“+I€,K,F7K/,R“J - ZVKIHNF'K/U'} dK‘I
NG 6( 20 )6() @7)
Z, , K T),
4Q2m)ck(2) co)’ "

starting from V., o, r, (@, 7,2 =0) =0.

This proposition is proved in appendix A. It shows that the second-order statistics of
the reflected wave depend on the macroscale features of the medium through the system
of transport equations (27). The inverse (or imaging) problem consists in determining the
coefficients of the transport equations from the solution V. In fact, we will see in the
following that we do not need to know all of V in order to solve the inverse problem, because
of the one-dimensional structure of the macroscale features of the medium.
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3.2. Fraunhofer approximation and narrow bandwidth

It is possible to get closed-form expressions for physically relevant quantities from the system
(27). These expressions become simple in a special regime that we now describe. We define
the longitudinal (respectively transverse) correlation radius I, (respectively /) of the random
fluctuations and the standard deviation o of the fluctuations as in (2)—(4). If we also introduce
the typical speed of sound ¢ of the medium, then the parameters
¢l wiLo?l,

= PETE %)
are the two dimensionless parameters that determine the behavior of the cross spectral density,
as shown in appendix B. We remark that these parameters can either be computed using the
original scaled parameters and Cx as in (2) or by using Cin (6) along with non-dimensionalized
parameters. The parameter « is the inverse of the Fresnel number that characterizes the strength
of diffraction, while the parameter 8 characterizes the strength of random forward scattering.
The strength of random backscattering relative to random forward scattering is § defined by
(24). In appendix D we analyze the behavior of the cross spectral density in the regime o > 1
which corresponds to Fraunhofer approximation. The solution to the transport equations in this
regime is given in lemmas D.1 and D.2. Under the additional assumption of narrow bandwidth
B « 1 these results give in turn simple closed-form expressions for many physically relevant
quantities and we discuss some of these in the following section. Accordingly we shall refer
to the regime characterized by

k1, a> 1, B « 1, (29)

as the Fraunhofer weak backscattering regime.

4. The second-order statistics of the reflected waves

In this section we assume the weak backscattering regime described by assumption (24).
In this regime we obtain an explicit expression for the intensity of the reflected wave in
section 4.1. Under the additional assumption of Fraunhofer approximation and narrow
bandwidth, that is, the Fraunhofer weak backscattering regime in (29), we obtain explicit
expressions for the time-resolved reflected beam width, the spectral beam width, the spatial
and spectral cross correlation functions in sections 4.2—4.5.

4.1. Mean reflected intensity

As a first application of proposition 3.1, we compute the mean reflected intensity at time #:

1
I5(1) = —/E pe(t, )% de, (30)
{O(L) [ ref ]
which is the total power reflected by the random slab at time z.

Proposition 4.1. In the weak backscattering regime the mean reflected intensity I°(t) has the
limit I(t) as ¢ — 0:

1 A
I(t) = W [ Pret(w, t)|:f |bs(w, n/)|2dn/i| dow, (€29

where

w? v 2w L VO(Z/) /)
Pre ) = —C s T, 0 —2 d . 32
@0 = gz (Z“) o) )exp( /zm W) ) G

10
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Here C is the partial Fourier transform of the autocorrelation function C
C(z,k,x) = / C(z, 7, m)e ¥ dz, (33)

and we have assumed z(t) € (0, L) when defined such that

/ Pl ! (34)
7 =-.
(1) €0(2) 2

This proposition is proved in appendix C. Remember that the total input energy is

E, = (27r)d+1/.|:/|b (w, &)| dn]da) 35)

so that P¢(w, t) can be interpreted as the spectral density of power reflection at (or around)
time ¢. We observe that the reflected intensity observed at time ¢ corresponds to incoherent
waves that have probed the medium from z = L to z = z(¢) and that have been reflected at
(or around) z = z(¢). In more detail:

(1) Pref(w, t) and I(¢) are zero if r & (0, 279(L))). The distance z(¢) corresponds to a round
trip from L to z(¢) whose duration is  when moving with the background velocity cy(z).

(i) The term #;(mé(z(t), Cnéﬁ, 0) gives the generation rate of backpropagating wave
energy at location z(¢) and frequency w.

(iii) The term exp (—2 f ?l) ’{’OEZ ; dz’ ) is the damping that occurs during a round trip from L to

z(t) in the absorbing medium.

If the background velocity ¢, impedance £y, absorption y, and the function € do not
depend on z, then the mean reflected intensity is zero if ¢ & (0,2L/cp). If t € (0,2L/cy),
then we have z(t) = L — cot/2 and

ref(w [) - _C<_ 0) —Coim
8 Co

which shows that the reflected intensity decays exponentially in time due to absorption.

4.2. Beam width

We define the rms (root-mean-squared) width R®(¢) of the reflected wave at time ¢ by

J |wPE[pt, )] de:

R(1) =
R 5 PR P

(36)

Proposition 4.2. In the Fraunhofer weak backscattering regime (29) the beam width R®(t)
converges to R(t) as € — 0, where R(t) is given by

1 L Y
R*(t) = R} — 3 f 2 (2) Az C(Z,0,0)[Do(z(t)* + (Do(z(1)) — Do(2))*1dz’

z(t)
A C t _2wo 0
DO(Z(I)) +4@Do(z(t)) 1 (2@, ;Z;(Z(t)) )
“ o €z, EmE 0)

Here 7(t) is defined by (34), Do(z) is given by

Do(z(1))*. (37)

L
Dy(z) =/ co(z')dz, (38)

11
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Ry (respectively Kg) is the rms beam width (respectively spectral width) of the input beam:
r2 _ [ 12l 1by@, @) de do w2 _ J1EP1b@, 0P dr do

= _ = - 39

7 [ by, ©)]? dz do 0 [[ 1by(w, k)| dr do %)
and Qy is defined by

0, = [ k- Im(bsV,bs(w, K)) dk do _ - [[ @ - Im(bsVybs(w, ) dz da). 40)

[f lby(@, K)I? dx dw [[ 1by(w, )2 dz do

This proposition is proved in appendix E. For instance, in the case of a narrowband Gaussian
beam bg(¢, x) with a spatial chirp, obtained by sending a Gaussian beam with radius r( through
a converging (by < 0) or diverging (by > 0) lens [10, section 18.4], we have

2 | b

2 2
R b T b,
by(w, k) = g(w)e 2 HWrERE 2 0 (1 + —(;), K2=—. Qo

2 R = 2wo’

(41)

with g being the Fourier transform of the pulse function of the source with carrier
frequency wy.
We can interpret all terms in expression (37):

(i) The first term (with Rp) is the initial beam width.

(ii) The second term (with A,C(z', 0, 0)) is the spreading effect due to random forward
scattering; it is the only term (along with the initial beam width) that is independent of w
(i.e. of the frequency).

(iii) The third term (with Ky) is due to the natural beam diffraction.

(iv) The fourth term (with Q) is a convergence or divergence effect due to the curvature of
the initial beam phase front; this term is the only one in the sum that can be negative;
the condition Oy < 0 means that the input beam has an initial phase front that makes it
converge, but this convergence is eventually overwhelmed by natural diffraction, and also
by the spreading induced by random scattering.

(v) The last term (with A,C(z(7), %, 0)) is the spreading induced by random backward
scattering. This term is pointwise, in the sense that it depends only on the properties of
the medium at z(¢), while the forward scattering term (ii) is cumulative and depends on
the properties of the medium between z(¢) and L.

If the background velocity ¢, and the function € do not depend on z, then the squared
rms radius has a cubic polynomial expression in terms of ¢t € (0, 2L /cy):

2 t\° K22 [cot\?
Rz(t)zRé—gAwC(0,0)<co> +4 0200 (i)
w,

2 2\ 2
A (2w
o) 8 e -
Wy 2 a)g C’(zc—“:),()) 7 )

This shows that random forward scattering is the dominant phenomenon for long times and
that the beam width increases like #3/2. The increase rate 13/ of the beam width is specific
to our regime in which the medium fluctuations are anisotropic (the longitudinal correlation
length is much smaller than the transverse correlation length). The increase rate of the beam
width in an isotropic random medium is known to be #!/2 and can be obtained by the radiative
transfer or diffusion theory [12].

12
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4.3. Spectral width
We define the rms spectral width K°(#) of the reflected wave at time ¢ by

JE[|Vapit. @) ]de [ 16PE[|picc. o) dr

K2 (1) = =
[E[piys(t, 2)?] da TE[|pest, w)|*] dr

(43)

Proposition 4.3. In the Fraunhofer weak backscattering regime the spectral width K°(t)
converges to K (t) as € — 0, where K (t) is given by

ALC(z(), cﬁ?&»’ 0)

C(z(0), 725, 0)

(44)

2 L
K*(1) = K — % / o (2)AxC(Z,0,0)dz' —
z(t)

This proposition is proved in appendix F. In expression (44),

(i) The first term Kg is the initial spectral width (squared).
(ii) The second term (with A,C(z’, 0, 0)) is the spectral broadening due to random forward
scattering during the round trip from L to z(¢).
(iii) The third term is the spectral broadening due to random backward scattering at z(¢).

If the background velocity ¢o and the function € do not depend on z, then the squared
rms spectral width is a linear expression in terms of ¢ € (0, 2L /cp):

cot) AL C (%2, 0)
—) - =
2 c(%0)
This shows that the spectral broadening is dominated by random forward scattering for long
times and that the spectral width grows like ¢!/2,

2
@y

K*(t) =K} - =
@ 0 2c(2]

ALC(0, 0)( (45)

4.4. Spatial cross correlation function

Here we consider the spatial cross correlation function:
JE[pi(t, @) pluy(t, @' + )] da’

A = T R @ P e

Proposition 4.4. In the Fraunhofer weak backscattering regime the spatial cross correlation
function A®(t, x) has the limit A(t, x) as ¢ — 0, where A(t, x) is given by

C(z(), 225, @ 2 L . .

At @)= Ao 5. D )exp(@ / A @ICE,0,2) - C (.0, 0)]dz’>, (46)
C(Z(t)v co(z())’ 0) 2 z(1)

[ e ¥ by(w, k) |* dx’ dow

[ 1bs(w, &)|* dr’ dw

(47)

Ap(z) =

This proposition is proved in appendix G. There are three factors in the spatial cross correlation
function (46):

(i) The first factor Ag(x) is the contribution of the spatial diversity of the input beam.
(ii) The second factor gives the spatial decorrelation that is associated with the random
backscattering at z(¢).

13
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(iii) The third factor is the decorrelation deriving from the random forward scattering during
the round trip from L to z(¢) and back.

If the background velocity ¢y and the function C do not depend on z, then we have for any
t € (0,2L/cp):

é(%’ :13) a)g Y Y cot
Alt,x) = Ao(w)m exp (2—C%[C(O, x) — C(0,0)] (7)) .
o
This shows that, for small times, the cross correlation function is determined by the form
of the input beam and the spatial distribution of the backscattering process. For times large
enough so that 8(cot)/L > 1, the cross correlation function is determined by random forward
scattering and we have approximately, if C is isotropic in :

A (2wg
Blcot)/L>1 C(*2, ) w?t "
A(t, 27 A _— " AC0,0)|x)*),
(, ) 0($)C(%,0) X (4600, ( )|33|)

which shows that the correlation radius decays as t~!/2.

4.5. Spectral cross correlation function

Here we consider the spectral cross correlation function:

() = JE[pLs(t, &) piy(t, k' + k)] A’

) - N 2 .
JE[| Pt 5[] dre

Proposition 4.5. In the Fraunhofer weak backscattering regime the spectral cross correlation
function S°(t, k) has the limit S(t, k) as ¢ — 0, where S(t, K) is given by

A 2w (z(1)
Do(z(1)) n) C(2(0), ooty Pl )
C(z(r), =22, 0)

> co(z(1))”

S(t, k) = AO(Z
@o

w(z) t -2, - / e B
X exp T/(,)CO (2)1C | 2,0, [2Dg(z(1)) — Do(z )];0

+ ¢ (z’, 0, Do(z/)i> —20(7.,0, 0)}dz/) . (48)
wo

This proposition is proved in appendix H. If the background velocity ¢ and the function C do
not depend on z, then we have for any ¢ € (0, 2L /cy):

S Ao cor 8 e 5) % [ [e (0,295 _ e0.0)] a’
1K) = )| 2 = % exp [ —% .7 — ) = C(, .
0.0 = o) &(=.0) Xp<4c3/o ¢ (025 - co.mfa)

If B <« 1 (i.e. if random forward scattering is weak), then the form of the spectral cross
correlation function is determined by the input beam and the backscattering process. If
B > 1, then the cross correlation function is determined by random forward scattering and
we have approximately, if C is isotropic in x:

O (20 ot ok 3.3
B>1 Cok C( 0’ 2 o ) Colt > 2
S(t, ~ A — | —2 =" ——A,C(0,0 ,
(t, K) o(c’o o ) C(Z;‘;U,O) P 547 0, 0)|x]
which shows that the spectral coherence radius decays as /2.
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5. Enhanced backscattering

In this section, we study the dynamics of enhanced backscattering, and compute the time-
dependent maximum, angular width and shape of the enhanced backscattering cone. We
consider the following experiment: for a given ko, we send a quasi-plane wave with carrier
frequency wy, carrier wave vector kg, and angular aperture smaller than o' (wol,/2)~!. We
record the reflected power in the backscattered direction —k or close to it, in a cone of angular
aperture of order o~ ! (wol, /&)~

2
|ﬁ‘r€ef(t’ —kKo + H)|2 = ' / pfef(tv 33) e—i(—fcg+n)-z dz

2

L N o e
So(L) / RE(w, L, —ko + k, &) e 2 20D h () k) dik' do)| .

T (27)2
If we perform a series of such experiments with different incoming directions and average
with respect to the incoming direction, then we observe, in the asymptotic regime ¢ — 0,

P(t) = E[| pius(t, —ro + 1)|*] drso.

lim ; /
e=0 (21)450(L)

Proposition 5.1. The mean reflected power observed in the relative direction k (relatively to
the backscattered direction) is

(,()2 L v
Pi(1) = Poo(t)|:1 — exp (—70/ ;2 () C(,0,0) dz/)
z(1)

2 L
@y =2, e ’ n K - ’
+ exp (—/ ¢, (@) {C (z ,0,[Do(L) — Dy(z )]—) - C(,0, 0)} dz ) i|
2 Juo o
(49)
in the Fraunhofer weak backscattering regime (29). Here z(t) is defined by (34),

2B} /L yol2) )
P _ -2 d , 50
® = Seozt)) <Z() G )eXp ( o 2@ & 0

and Eq is given by (35).

"lihis proposition is proved in appendix I. The reflected power P, (¢) goes from P, (¢) for
%w >> 1 to the maximal value Pu,(?) fgac(?) for & = 0, where the enhancement factor is

C()2 L v
SfeBc(t) =2 —exp <—70/ ;2 (2)C(Z,0,0) dz/) .
z(1)

If the background velocity co and the function C do not depend on z, then we have for any
t € (0,2L/co):

2 cot/2 . .
P.(t) = Po(t) [ _ ey +exp <“’—°2/ {c (0, coz’i> — &, 0)} dz’>] .
260 0 [Oh)

If random forward scattering is strong (8 > 1) and C is isotropic in &, then for ¢ large enough
so that B(cot/L) > 1, we have

3 3
P.(t) ~ Pa(t) [1 +exp (ZEA C(0,0)|x| )}

which shows that the enhancement factor is 2 and the width of the cone decays as t~3/2. Note
that:
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(1) The asymptotic Gaussian shape of the cone is obtained when the random fluctuations
of the medium are smooth so that the autocorrelation function is twice differentiable at
x = 0. If the fluctuations are rough, then the cone has a cusp at & = 0 [8].

(ii) The decay rate t ~3/2 of the width of the cone is specific to our regime in which the medium
fluctuations are anisotropic (the longitudinal correlation length is much smaller than the
transverse correlation length). The decay rate of the width of the cone in an isotropic
random medium is known to be t~!/2 in the physical literature and can be obtained by
diagrammatic expansions [17].

6. Statistical stability and inverse problems

6.1. Preliminary discussion

Here we discuss the conditions under which the second-order statistics of the reflected field
can be observed. Formula (22) gives in particular

i JE[pi(t, @) ply(t + €%s, ) | da [ Pet(@,1) e[ [ 1bs(w, k)|? dr'] dow

50 [E[pi(t, 2)?] dz [ Pet(o, 0] [ 1bs(w, k)2 dr'] do

which goes to zero when s — oo by Riemann-Lebesgue lemma. This shows that the
coherence time of the reflected wave is of order 2. Therefore, we can claim that, for any
p € (0, 2), we have

t+eP
!ij)r(l) 28_p pfef(t/v m)pfef(tla m,) dt/ = glrr(l)]E[pfef(ta m)pfet(t’ m,)]'
t—gb -

A rigorous approach would make use of the fourth-order moments. This involves the study of
Wp.q for n, = ny = 2 (defined in appendix A), which is beyond the scope of this paper.

In the following section we discuss the problem of estimating the medium parameters.
We again stress that we cannot expect, in our scaling regime, to estimate the actual pointwise
parameters in (1). We can only estimate the homogenized medium or macroscale parameters
that determine the reflected wave statistics. From proposition A.l in appendix A it is clear
that the medium parameters that determine the reflected wave statistics are

10(2)
%(2)°

Our objective is therefore to construct statistically stable functionals of the observations that
give information about the macroscale parameters. We shall here focus on the Fraunhofer
weak backscattering regime (29) in the case without absorption and when the data are the
reflected intensity, beam and spectral width time profiles, respectively 7(¢), R(¢t) and K (¢),
evaluated at particular source carriers and source chirp parameters: wo j, b jj = 1,2. The
power delay spread (i.e. the duration of the reflected wave) is of the order of 2L /¢, while the
coherence time is of the order of the initial pulse width £2. By time-windowing the reflected
wave into time intervals long compared to the coherence time, but short compared to the
power delay spread, one can get statistically stable estimates of the reflected intensity 7 (¢),
the reflected beam width R(#) and the spectral width K (#). From these quantities, one can in
particular reconstruct the background velocity cy(z) and the scattering coefficient s(z):

co(2), C(z,7,x). (51)

s°(2) = =2:C(z,0,0), (52)
as we show in the following subsection.
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6.2. Reconstruction of the background velocity and scattering coefficient

We discuss first the problem of estimating the background velocity. The identification of the
background velocity is an important problem, in geophysics for instance [3]. As mentioned, in
the cases with no strong interface that we consider, only the analysis of the incoherent reflected
wave (as we carry out in this paper) can give an answer to this problem. We describe now how
the background velocity can be extracted from the incoherent reflections by performing two
experiments with two input Gaussian chirped beams of the form (41) with different chirps by
and by » (which affect Ry and Qy, but not K). We can then observe the differences between
the reflected beam widths:

2 R*(t,bo) — R2(t, bo1) — R2(bo2) + R2(bo.1) intheory £
51(1) = wy R™(1, bo.2) (t, bo,1) o (bo,2) + Ry (bo,1) tﬁoy/ @) de. (53)
2 by — by, ()
Using the fact that % = —%Co(z(t)), we can compute z(¢) by integrating

) _ \ﬁ [48,@) _
v VoV @ z(0) =1L,

from which we can get the background velocity by the identity

@
coz(1) = 2 <11t(t)‘

Alternatively, by performing two experiments with two input beams with zero chirp and
with different carrier frequencies wp | and w2, we can extract from the reflected beam widths
and spectral widths:

1/2
5.0 | R = R oo) | ey (£
1 T K2(t,002)43K2 K2(t.0,1)+3K3 B (1) R
2 - 2 i
W5 @01

and we can use this result to extract the background velocity from 51(¢) as described above
for &1 (1).

Beyond the background velocity, it is possible to extract the scattering coefficient by
observing the spectral widths for two input beams with two different carrier frequencies wy ;
and wo 2:

K2(t, w02) — K*(t, 0,1) in theory

(1) =2
2 2
Wp,2 — Wy

L

/ cg (@s* (@) de.
z(1)

We can get the scattering coefficient s>(z) by the relation

dé (z) déx (1)
dt dr

The results of this subsection show that the imaging problem can be solved, but they
are difficult to implement in practice, because they require good estimates of derivatives of
observable quantities, which are much less statistically stable than the observable quantities
themselves. Practically, it is better to approximate the slowly varying parameters by stepwise
constant functions, i.e. to assume that the medium is a stack of random layers which have
constant background parameters. A least-square strategy can then be used to identify these
parameters by fitting the observed quantities with the theoretical ones. A particular case is
addressed in the following subsection.

s2(z(1)) =232

17



Inverse Problems 25 (2009) 045005 J Garnier and K Sglna

6.3. Detection of an interface

In this subsection, we consider the situation in which the medium in (0, L) is made
of two materials. The slab (L — z;, L) close to the surface has constant background
parameters cg, Lo, o and stationary random fluctuations C (z,k,x) = C’Q(k, x). The slab
(0, L — z;) has constant background parameters cy, {1, 1 and stationary random fluctuations
C(z,k, ) = Ci(k, z). By probing the medium with a beam and by observing the reflected
wave, we aim to extract the parameters

civ vilt. 53 =—AC;0,0), j=0,1, z (interface location). (54)
We first give the explicit expressions for the time-dependent reflected intensity, beam

and spectral widths. The mean reflected intensity decays exponentially with time, but two
exponential branches can be distinguished. More precisely,

2
, 2(,()0 “()VO .
& ,0 ! if r<t,
86‘0 Co

2
[OF 2a)() _n . _cany . L—z
—0C1<—,0>e wlieTa ! if 4 <t<t;+2 L,

1

I(t) = (55)

where f =t — t; and
Z;
t, = 221,
€o
This shows that there is a jump in the mean reflected intensity at time ¢; with the jump amplitude

given by
s (L (20) - Lo (20))e
8 Cl C1 Co o

The spectral radius for # < ¢; is given by (45) and for#; <t < ; + 2LC;1Z’ by

~ A~ (2o
K2t = K3 — 207,000, 0)— 7 ‘% ~A.C1(0.0) - w,
4 Ci(%,0)

where 7 = t — t;. This shows that K2(¢) is a piecewise-linear function, with a jump at time ¢,
whose amplitude is
s ACo(32,0)  ALC(32,0)
AK® = Cv 2wo 0 - é 2w 0
o(22,0) &(220)

The mean-squared radius R%(t)is a piecewise-cubic function. For ¢ < #; is given by (42) and
fort; <t <t +2LC;IZ" by

27\ 2 2~
RA1) = B2 — A, Co0, 0)(%(6 t) (cor) 4 — (C )(cot,) +_(c0;,) )
Co 16

. 1 " 1 i " 1 24
— ALCL(0, 0)(5@103 ¥ g(%>< B+ 1—6<—> (@ ))

2(1)[)
K(% QO 2~ 2 1 A C ( 0)
+ cit+cit;) +2—(cif+city) — — —————
A L R T ST
where f = ¢ — t;. There is a jump of the beam radius at time #; whose amplitude is
5 (2 > (2
AR? — cat? Amco(c%“,o) B Amcl(%“,o)
40)0 Co(zc—a;o, 0) Cl(i%9 0)

(c%? + cét,-)z, (56)
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Therefore, by measuring the jump time #; and the jump amplitudes AR and AK? for the
beam radius and spectral radius, we can extract the location of the interface and the background
velocity co:

J Wit} AR? Zi
Z; = _— , Co = —.
’ 4 AK2 T

From the slope of t = K 2(tyand t > In1(t) fort < t; we get the scattering coefficient sg
and the absorption parameter y/¢o:
4co dK2(1) Y0 1 dIni(r)

2
S5 = — , = _ for O0<t<t¢.
0 a)% dr %o Co dr '

This completes the characterization of the parameters in the slab (L — z;, L). Next, from the
slope of the logarithm of the reflected intensity for times t > t; we get c;y1/¢1:
ayr dIni(z) L—z

— for 6 <t <t;+2
e dr C1

In order to get ¢y, it is necessary to use two different input beams, either with two different
chirps or with two different carrier frequencies. For instance, by performing two experiments
with two input Gaussian chirped beams of the form (41) with different chirps by ; and by, we
can observe the differences between the reflected beam widths after time ¢;:

wt R*(t,bo2) — R*(t,bo1) — R2(bo2) + R3(Po.1) intheory 5. o
—_ = "ttt
2 bo,» — bo1

81(1) =

It is a linear function for t; < t < t; + 2L — z;/c; whose slope is c%. With ¢; and ¢1y1/¢1,
we get the absorption coefficient y;/¢,. Finally, the slope of K?(¢) after time #; gives the
scattering coefficient

4C1 dKzl‘ —7;
5122—2 (), for t;, <t <t;+2 L
wy df c1

7. Numerical simulations

In this section we assume that there is no background impedance variation and no absorption,
that is, {o(z) is constant and yy(z) = 0. We want in particular to extract the background
velocity cp(z) from the measurements of the incoherent reflected waves. We also want to
identify a sudden change in the statistics of the medium fluctuations. Observe that with
no impedance contrast there will indeed be no strong interface in the medium generating a
coherent reflected wave. The resolution of the full wave equation with several different scales
is computationally expensive. Therefore the numerical simulations in a (1 + 1)-dimensional
space are performed using the iterative scheme proposed in [9]. This scheme allows us to
obtain the complex amplitudes d(w, z, x) and B(w, z, x) with a computational cost equivalent
to the paraxial wave equation, but with comparable results to the full Helmholtz equation. The
algorithm is as follows:

Step 0: start from dg(w, z, x) = 0 for all z.

Step n: solve the paraxial wave equation with source from z = L to z = O:
i) diwm(o) 1P

9b, © b ALby —e
= — 2, X)Dp — n
9z 2¢0(2) 200 T 2¢0(2)

v(z, X)ap_1,
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Figure 2. Picture (a): the source term b (¢, x) without chirp bp,; = 0. Picture (b): one realization
v(z, x) of the random medium. Pictures (c) and (d): reflected intensities received with the unchirped
incoming beam by ; = 0 (c) and with the chirped incoming beam by, = —2.5 (d).

starting from lvan (w,z = L,x) = Es(a), x), and then solve the paraxial wave equation with
source from z = 0toz = L:

0dy _ 10 o i+ LD N g g etene 19

0z 2¢0(2) 2w 2c0( )
starting from ¢, (w, z = 0, x) = 0. We use a split-step Fourier method for solving the random
paraxial wave equations (while a finite-difference scheme was used in [9]). Although no
convergence theory is (yet) available for this scheme, it has been shown to converge to the
solution of the full wave equation by comparison with numerical simulations based on the
Helmholtz equation. Moreover, we have observed that the scheme converges very quickly
(after two or three steps) in the weak backscattering regime, even when random forward
scattering is strong. This scheme is perfectly adapted to our setting.

7.1. Detection of background velocity change

In the first set of numerical simulations the medium consists of two different layers with the
same statistics for the random fluctuations and different background velocities:

for ze[L-—z,L],

@=1"
cofz) = i for ze[0,L —z),
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Figure 3. Picture (a): the mean reflected power I (z) for the unchirped and chirped incoming
beams (the two thin lines are almost undistinguishable). The thick dashed line is the theoretical
value (55). Picture (b): the difference 8;(#). The thin solid lines are the numerical results and
the thick dashed line is the theoretical formula (58). Pictures (c) and (d): the rms reflected beam
widths as a function of time for the unchirped incoming beam (c) and the chirped incoming beam
(d). The thin solid lines are the numerical results and the thick dashed lines are the theoretical
formulae (42) and (56).

with L = 128, z; = 64, ¢p = 1 and ¢; = 0.7. The random process v(z, x) has the form

v X) =Y A, 1, (@)v;(0),

j=0

where Lo = 0, L; = Y_/_, I;; I; are independent and identically distributed random variables
with exponential distribution and mean /[, = 4; v;(x) are independent and identically
distributed Gaussian processes with Gaussian autocorrelation function, standard deviation
o = 0.04, and transverse correlation length [, = 10 (see figure 2(b)). We then have

Y y 1 x? . 2
Cu(x) = CO(O)TICZIZZ, exp ( ), Co(0) =2071,.

2

The incoming beam has a Gaussian shape in space with radius ro = 16 and chirp by (with
by = 0 or by = —2.5) and a sinc shape in time with a central frequency wy = 1 (and central
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Figure 4. Characteristics of the reflected beam in the case of two heterogeneous layers with
different standard deviations. Picture (a): the mean reflected power I (¢) for the unchirped and
chirped incoming beams (the two thin lines are almost undistinguishable). The thick dashed line is
the theoretical formula (55). Picture (b): the difference &1 (¢). The thin solid line is the numerical
result and the thick dashed line stands the theoretical formula (58). Picture (c): the reflected
beam radius for the unchirped beam. Picture (d): the reflected beam radius for the chirped beam.
The thin solid lines are the numerical results and the thick dashed lines represent the theoretical
formulae (42) and (56). The faint dotted lines are the theoretical radii if the standard deviation

were 0.04 everywhere.

wave number ko = 1) and a bandwidth B = 0.15:

o) — 1 L) e
by(w, k) = L (1-B),wy1+8)) (l0]) €Xp 3 1+1a) rolel” ). (57)

Note that we have § = Ca;,(0)/Co(0) =~ 0.016 which shows that we are indeed in the weak

backscattering regime.

The separation of scales is not large in our numerical setup due to computational

limitations. As a consequence:

(1) The spatial resolution of the inversion method (which is of the order of the pulse width

times the background velocity) is not very high.

(2) The statistical stability property is not achieved and one needs to average over a
series of independent experiments (here we average over 1000 experiments). In
practice, this corresponds to repeating the experiments by moving the source to different
(lateral) locations in order to probe different (quasi-independent) regions, while the one-
dimensional background velocity profile is constant. This is feasible in a geophysical
context. Note also that our theory predicts that this averaging should not be necessary
when the separation of scales is large enough, although we cannot give a quantitative

estimate.
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Figure 5. Characteristics of the reflected beam in the case of two heterogeneous layers with
different transverse correlation radii. The subplots are defined as in figure 4. The faint dotted lines
in pictures (c) and (d) are the theoretical radii if the correlation radii were [, = 8 everywhere.

The medium is probed with two different incoming beams with two different chirp
parameters by, = 0 and by, = —2.5 (the latter corresponding to a passage through a
converging lens). The reflected signals are recorded (figures 2(c) and (d)), in particular the
reflected powers 1 (¢, by,1) and I (¢, by ) (figure 3(a)) and the reflected beam widths R(z, by 1)
and R(¢, bo ) (figures 3(c) and (d)). It can be checked that the reflected power does not depend
on the chirp, while the reflected beam width depends on it. Difference (53) is the quantity that
is used to determine the background velocity:

w} R(t,bo2) — R*(t, by 1)

S(eXp)l‘ —
Lo 2 bo,» — bo,1

2
10 (hoa +bot)
4 0,2 0,1)>

and it is plotted in figure 3(b). By a least-square fit of the data (SieXp) (t) with respect to the
theoretical formula:

2
cot
% for t<t¢,
5"t co. ) =4 5, (58)
coli (t—1t)
_t+ — for t, <t <T,
2 2

witht; = 2z;/coand T = 2z; /co+2(L — z;)/c1, we obtain the estimates ¢ >~ 0.97, é; ~ 0.66
and z; ~ 62 for the quantities cg, ¢; and z; (the theoretical values are ¢cp = 1,¢; = 0.7 and
z; = 64).

7.2. Detection of change in microstructure

We next carry out a series of simulations with the same numerical model as in the previous
subsection, however, we now examine the impact of two different types of background
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variations: a jump in the standard deviation of the random fluctuations of the medium and a
jump in the transverse correlation radius.

In figure 4, the background velocity cp = 1 and the transverse correlation length /, = 10
are constant, but the standard deviation o of the medium fluctuations goes from 0.04 in the
region [0, 64] to 0.028 in the region [64, 128]. The change in ¢ can be clearly seen in the
jump of the reflected power. This jump is smooth because the separation of scales is not strong
enough, and the pulse width is not much smaller than the total travel time. The resolution
obtained with the use of the incoming beam (57) with the pulse shape sinc(Bt) is of the order
of 2mcy/B ~ 40.

In figure 5, the background velocity ¢p = 1 and the standard deviation o = 0.04 are
constant, but the transverse correlation of the medium fluctuations goes from /, = 8 in the
region [0, 64] to [, = 16 in the region [64, 128]. In this case the reflected power is constant
and the change in /, can be seen in the jump of the mean radius.

8. Conclusions

We have presented a theoretical framework that in particular can be used to characterize the
spectrum of waves reflected by a slab with anisotropic three-dimensional random fluctuations.
We consider here the case when the reflected wave is weak and incoherent, corresponding to
the absence of strong reflectors in the medium. We show how central quantities such as time-
dependent wave intensity, beam width and spectral radius depend on the medium parameters
through a system of transport equations.

Numerical simulations are carried out using a numerical scheme that is based on the
analytic decomposition of the wave field introduced in the paper. The simulations demonstrate
that information about the medium can be inferred from the spectrum of the reflections. In
particular, we are able to detect a jump in the statistical properties of the medium fluctuations
or in the background velocity by looking at the time dynamics of the reflected wave. The
analytic framework we have presented is important for dealing with such an inverse problem
where the useful information is contained in the wave spectrum.

The analysis proposed in this paper is tightly connected to the hypothesis that the
background variations of the medium (that we want to image) are one dimensional. We
do believe that an extension to three-dimensional background variations can be envisaged.
We anticipate that the description of the wave spectrum should involve a system of transport
equations along the characteristics of the slowly varying background. As long as caustics can
be neglected, the analysis of the random backscattering and of the imaging problem should go
along the same lines as those presented in this paper.
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Appendix A. The generalized system of transport equations

In this appendix we write the system of transport equations that determines the moments of
the reflection operator. The next proposition generalizes the result obtained in [8] to the case
in which the medium is absorbing and has slow variations of the background velocity and
impedance. It shows that it is possible to compute the cross moments of the reflection operator
using diffusion approximation theory in the white noise limit ¢ — 0.
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Proposition A.1. Let us introduce some notations: if k,(j), m:,, (HeRY,j=1,..., Ny,
then the multi-vector p is the set
= {(=p (), K, GV (A.1)

where ny, stands for the number of pairs of p. We introduce the high-order moments of products
of R®(w, z, k, K'), the reflection process, at two nearby frequencies:

L{;’q(w, h,z)

l'lq 2h
=E HR£< ,z Kp(j), K, (]))HRS( 82 s Zs K'q(l)vﬁ';(l)> ,

(A2)

where p, q are two multi-vectors of the form (A.1). We define the autocorrelation function of
the fluctuations of the medium by (6) and its Fourier transform by (25) and

o0
Ci(z, k,k) = 2/ / C(z, Z/, .’13/) e:I:ikz’fifmr,’dz/ dxz’. (A.3)
R Jo
The family of Fourier transforms
1 —ih[T—(np+ng)T
Wy q(@. 7.2) = E/e Me=Cpmd@lye (w, h, z)dh, (A.4)

converges as € — 0 to the solution Wy, 4 of the system of transport equations
2

Y
4Q2m)dcd(z)

Zq kgD + 16, (O =Y (6, (DI + 1K, (D) | Wpg,  (AS)

j=1

aWp’q + fp ¥ g aWp'q = VO(Z)( nq)qu

3z co(z) ot 0(2) (LwWpa

100 (2)
2w

with the initial conditions Wy, q(@, 7,z = 0) = 1o(np)1o(ng)d(t). Here the operator Ly is
given by

(LwW)pg=— /[n,f*(z, 2k, K) +ny,C (2, 2k, K) + (np +1g)C(z, 0, k)] d W, 4

np ng
- / C(2,0,6) | D Wpltjitm,Gr—momyir—ria + 9 Wasalltiteg -y r—ry | A5
j:l =1

Z /{C(Z 2k, 55 (j1) = K, (GOI Wi, o105 (o) ks () (s (). ()@
Jl#]z 1

+3 C(Z 0, )W (1. ol (1) =kl i) G (), (o))

+2Wm U121 (=R, ) (0 ()., () =) @

+ Wpujl,jz<n,,<j|>,n;(jl)—n>,<np<jz).n;,<jz>+n>),q]} dr

Z /{C(Zﬂk Kig (1) = bg (1) W, gl bl oy (@2) ey (1) (51, 1)1, (02)))
117£12 1

+5 C(Z 0, K)[Wp,qitty 1o (1), (1), Gy (), (12)))
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+ 2Wp,qi(t1.1o 1 (1) =l (1)) 1y ()., (1) =)

+ Wp,q{ll,lz|<n,,<ll>.n;,<l.>—n>,(fcq<zz>,n;,<lz>+n>}]} dw
np nNg

+ 3 {&z, 2k, 5, (j) — K,()N8(K,p () — K, () — kg (1) + K, (1)) Wpi.qu

j=1 1=l

+ /C(Z’ 0, £)IWp ik, G)—r.r, GDValil (g (D —ri.re (1))

+ Wollj16m, (), () =)l U1y 0., =)y F Wl T, )=, D))l (s (). (D +50))
+ Wollj16e, ()., () =)Ll UGy O+ ()} ] A

+ /// C(z, 2k, KD Wi, (k). (k2= D)l (2 (. k3). (3=, ()} AT A2 d'%},

where k = w/co(z) and we have used the notations:
ﬂp

plj = {(rp () &, GOV
PILI(s1. 52} = {(, (7). 5, G125 U (1. 2).
The proof of the proposition follows exactly that of [8] in which the medium was not absorbing
and had no slow variation of the background velocity and impedance.
In the weak backscattering regime (24), we have

o) if np,=ng=0,
Wpq =100 it np=ng =1,
oltR) otherwise.

We have up to terms of order 8
Wi ). 0sm0) 2 Wi mp)mam _ 210(2)

9z co(z) ot - 20(2) (K1,K2),(K3,K4)
iCo(Z) P 2 ) 5
+_2a) [(r3]” + [ka]™) — ([&1]7 + [K2]") I Wk, k). (s53,050)
wZ

+ m / C (2,0, KM Wik, —k.52). (3—rka) T Wikt mo—r), (53, 50—5)

+ W(Hlfl‘é,ﬁz)»(f”vz,ﬁ4+ﬂ) + W(Hl,nzfﬁ),(ﬁﬁ&m)
Wi —m2—r),(53,50) = Wi k), (m3—r k=) = 2Wiy k), (k3,00 } AR

MLy (e 5( + K4)8(7) (A.6)
zZ, VKl — K K1 — Ky — K3 + K4)8(T), .

4@ryicd@) e

with Wi, k). (k3.0 (@, T, 2 = 0) = 0. Note that the coupling terms preserve the sum

K1 — Ky — K3 + k4. Therefore Wiy, «,) (k5.5,) 1S supported on K| — Ky — K3 + kg = 0
and we can write the solution in terms of three ‘effective’ wave vectors. By parameterizing
the remaining three wave vectors in a suitable form we obtain the statement of proposition 3.1.
The density V is symmetric in (ky, Kv): Vi, k.6, (@, T, 2) = Vi, k4.0, (@, T, 2). This can be
seen from the structure of the system (27) in proposition 3.1, and this also follows directly
from the reciprocity relation R? (k, k') = RE(—kK/, —K).

Appendix B. The system for the dimensionless density

In this appendix, we introduce a dimensionless formulation of the system of equations that
determines the cross spectral density V defined in proposition 3.1. The autocorrelation
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function C of the fluctuations of the medium is defined by (6). We introduce the dimensionless
autocorrelation function C of the random medium:
’ ’ 2 < Z/ x
Ciz,z,x)=0 C(L, L lx>’
where [, (respectively /,) is the longitudinal (respectively transverse) correlation radius of
the random fluctuations and o is the standard deviation of the fluctuations. We denote by
C (Z, K, p) and by ¢ (Z, K, A) the full and partial Fourier transforms

o0
e, K,u)sz C(Z, 7, N) e KI-imA g3 g, (B.1)
—00
v o0 s
C(Z,K,)\):/ C(z, 7, N e Kigz. (B.2)
—0oQ

We introduce the dimensionless profiles ¢y(Z), Zo(2), and 7 (2):
o ( _i(Z oo (2
@ =t (7). w@=th(7).  w@=7n(;). ®3

where ¢, £ and ¥ are typical speed of sound, impedance and absorption coefficients. We also
define the dimensionless functions

- . z . B B - B 75 Z/ . s z »
Jo(@) = / ¢(Z)dZ, Go(2) = / ):0(~/) dz’, (2 = / ——-dz. (B4
0 0 %o(2) 0 Co(Z)
We consider the Fourier transform D of the cross spectral density V
1 ,
Vm,m,nw (w,7,2) = 2_ / D(w, h, z, Ky, Ky, Ky) e " dh. (B.5)
b4

The following proposition shows that the parameters « and B defined by (28) determine the
evolution of D.

Proposition B.1. The density D is given by

D(w, h, 7, Ky, Ky, Ky) = DD(E, hTL, E, Kyly, Kyly, K,wlx)
wy ¢ L
X exp [2ih—Lf0<5> - GG‘O(i) iRy - RUEJOG)} , (B.6)
c L L w L
with
b wio?l19L G 26L
4(2m)de?”’ '

The frequencies & and h are frozen parameters in the equation satisfied by the dimensionless
density D(@, h, Z, u, v, w):

dD(@, h, 7, w, v, w ~ T s EEC & [~
( ~ ) = @By (Z, w) 5wV 0@ =20 oGO0 | —ﬂ y /80(27 1)
dz (2m)

X [ei%”"’]"(Z)D(&), hZ,u—p,v,w+p) + e’i%“'”]"(Z)D(d), oz, u+ p, v, w+ p)

+el st ODG 7, u, v — W, W+ ) + e 1m0 OD@G, L E u, v+ W, w+ )

_ e—i%[H'uﬂl'(11+lt)]j()(5)D((I)7 ]71’ U+ [, U+, w)

— e lwum 0O DG fF w— p, v+ p, w) — 2D(@, b, 7, u, v, w)]dp, (B.7)
starting from D(z = 0, u, v, w) = 0, where

S o~ _ I ~ wolz ~
By (Z, w) = _EO(Z)C<Z’ —550(2) @, w). (B.8)
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Appendix C. Proof of proposition 4.1
The mean reflected intensity /°(¢) has the limit /(¢) as ¢ — 0:
1 A =
I(t) = Qmy f e / Wik m2), (51,00 (@, 1, L)bs (@, K2)bs(@, Ka) diy diz dig do.
Using identity (B.6), this can be expressed as

I(t) = / /D(a) h,L,0,k+2K, n)dfee_lh’|b (w, f<;)| dx’ dh dew

(2 )d+1

LM 2kl ) A= =G b (o k)2 di! dh doo,
(2n)d+2 ¢

(C.1)

where
E,h,z, v) = /D(&), h,%,0, w+2v, w) dw.

Then, using the system of coupled differential equations (B.7), we get that the quantity
E(@, h, 7, v) satisfies the differential equation

dg(&)’d]/’lj z, U) — (Zn)d&')28\’25)(z’0) eGGo(Z) efziilfo(z)
¥4
Bo* [~ . 7 a
2y Bo(Z, W@, h,Z, v+ p) —E(@, h,Z,v)]dp,

because all but two terms proportional to 8 on the right-hand side of (B.6) cancel each other
when taking (u, v, w) — (0, w + 2v, w) and integrating in w. Here Bs(Z, M) is the inverse
Fourier transform of B (Z, w):

1 . l
__ c(z, 0 5, A). (C.2)
@ ¢Co(2)
The initial condition for the differential equation for £ is £(@, h,% =0, v) = 0. The solution
is the function

z A st T s m
E@,h, %, v) = (27’[)(15)2/ 82,;)(2/, 0) eGGo(Z) e—ZIhT(J(Z ) dZ’,
0

which is independent of v. We next substitute in (C.1) and integrate with respect to 4. The
integral in A generates a delta distribution:

?
1) = - —(to(l)—fo(z)) B0 (2,0)
2 ld a)O @0
X eG(G"(Z)_GO(”)[/ bs(w, K')|? dli/:| d? dw.
The delta distribution concentrates the integrand on a particular value of Z:
D¢ w? (B (N G (1 . 5
1y = -2¢ / EoZ(1) S B e (2(1). 0) G0t / by, k)1 i’ | do
4ldL wy
where Z(t) € (0, 1) is such that

fL 1 & ct ©3)
——d¥=_—. :
30y Co(Z) 2L

The expression of the intensity in the original variables is given by (31).
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Appendix D. Asymptotic expressions for the cross spectral density

In the following two lemmas we give the asymptotic expressions for the dimensionless density
D in the regime « > 1. They generalize the results obtained in [8].

Lemma D.1.

(i) Ifu-v #0, then limy_, o0 D(Z, u, v, w) = 0.
(ii) Ifu #0,v#0, and u - v =0, then

. L= S oo i () CCo(E) —2867 [ B3 0)d 4~
lim DG, . 5w, v, w) =/ B (3, w) 20 (GO0 o260 [3 BoE 0 &' g3/

oa—>00 0
(D.1)
(iii) If w = 0 and v # 0, then limy_,o D, @, h,0,v, w) = Dy(Z,d, h, w) where
Do(Z, @, h, w) is the solution of
dD -~ o e 2@ ~
o 5Bz, w) e 20 (080 4 2PD f Bo(z, ) [Po(w + p) — Dy(w)] dpa,
dz (2m)d

D.2)

starting from Dy(Z = 0, @, h, w) =0.
(iv) Ifu # 0 and v = 0, then limy_,oo D(Z, @, h, u, 0, w) = Dy(Z, @, h, w).
v) Ifu=0and v =0, then

lim DGE, &, h, 0,0, w) =2Dy(Z, &, h, w)

Z -
o~ - _hifm A3 B2 [T s s
_/ a)nga)(z’,w)e 2ih% (@) oGGo(E) o—2P Jo Bo(z",0) dz dz'.
0

By comparing the second and third items (or the fourth and fifth items) a sharp transition is
noted from the case u = 0 to u # 0. This transition can be studied in detail by looking at
small u of order .

Lemma D.2.
(i) Ifv # 0, then limy_, oo D(Z, @, h, @~ 's, v, w) = Dy(Z, @, h, v, w) where Dy is solution

of

dDS -~ i (2 A (R ey 0@
dz = By (2, w) e~ D 0G0 gisv5E 4 (2 )d [BO(Z D)
x[w D, (v — p,w+u)+e_‘s” 2D, (v + p, w+ p) — 2D, (v, w)] dp,
(D.3)

starting from Ds(Z = 0, @, h,v, w) =0.
(ii) For any s, s, we have

lim DG, &, h,a 's,a's, w) =DsE, &, h,0,w) +Ds(Z, @, I, 0, w)
o—> 00

< Pz (3 A sl ~2 (I3 =i P
_ / @2825)(2/, 'UJ) e—Zlh‘[o(z ) eGGo(Z ) e—Zﬁ(u ff/ Bo(Z",0)dz dz/
0

By solving the differential equation (D.3) we obtain the following integral representation
of Ds(Z, v, w) valid for all s € R
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Jo@)

z = == . .
DS(Z, &-)’ h, v, w) — /f 5)282@(2/, A) 6721hto(z)eGGo(z)efl’w-)\ el’v~s =
0

x &b [ Bo@ A= T0@)=To@D+Bo@ A+ F1T0@)=To@D=250E" 04" g/ 43 (D.4)

In the particular case in which s = 0 the function D; is independent of v and we have

lim Ds(Z, &, h, v, w) = Dy(Z, @, I, w)
s—0

Z . ~ . 3 = - ”
= // 6)232&')(2/9 )\) e—ZiIIfU(Z’) eGGo(Z/) e—1w~)\ezﬁ5)2 fgf BO(Z ,)\)_BO(Z ,0)1dz dz/ dA
0
We also have

Z .

. S T - hifs mr AA 2N _opa2 (I3 an [

Jim D5 (2, &, h, 0, w) —/ @ Bag (2, w) e ) OO0 o207 [ B0 g
0

Appendix E. Proof of proposition 4.2

The beam width R®(¢) converges to R(¢) as ¢ — 0, where R(¢) is given by

L D Wik, im0 (@4 1, Dl by (@0, 52)by(o, k4) i dra dig do
T S Waermamnng (@ 1, L)by(o, 62)by(0, ka)dky dr; diy do
[ [D@.h, L0, k+2K k) e " |Vub(w, k)| dk ds’ dh do
N [ [D(,h,L,0,k+2K K) e |by(w, K)|? dr dr’ dh dw
[ [(Ag, + A )D(@, h, L, 0, k+ 2K/, k) e |by(w, £')|> dk d&’ dh do

[ [D(,h,L,0,k+2K K) e~ |by(w, k)| dk dk’ dh dw

L2V D@, 1, L0, k42 K) e MIm(byV,ubs(w, ') dk d’ dh dw
[ [ D, h, L0, k+2k, k) e |b(w, &)|*dk dx’ dh dow

R*(t) =

9

(E.1)
and D(w, h, z, Ky, Ky, Ky) 1S defined by (B.5). By identity (B.6) we have

- o hL z L i AR s
(Alﬁ + ARU)D(Q)9 h5 2, 07 K"va K"w) = Dl,%]-l Ty T2 K’le» nwlx eZI%TO(Z)iGGO(Z)a
) wy ¢ L
- w hL z ALz zN_E 2
ZVm:D(a)’ hv 2, 07 Ky, K'w) = Dl)(~7:2<_7 — s 7 K’lev K'wlx) CZI%TO(I)_GGO(I)’
wy ¢ L

with

2
Fi(@, h,Z, v, w) = [Au + Ay 22 ToE -V — %j0(5)2|v|2:|77(5), h,2,0,v, w),
w w

Fo@o. b, 2 v, w) = [wu _ 231]0(2)1;}1)(5), h2.0,v, w).
w

In the limit ¢ — 00, we obtain by using lemma D.2

e~ 2% 7()+GGo(1)

W [(A,QI +A,)D(w,h, L,0,k+2Kk', k)dk

1 iy ~ ~ ~
X MaBos (2.0) RO ENO(Jo(1) — To(2) dZ
0
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1
5 - itz ) GGoG), T 3 -
— 4RI / By (2,0) 72 0@ 000 (Jo (1) — Jo(2))” dz
0
to? —2iL%)(2) ,GGo(2)
128 | —bBre(Z,0)e 7 eV
@0
0 Wy

1
x / ABo(Z, 0)[(Jo(1) — Jo(2)?* + (Jo(2) — Jo(2))*1d7' dz,

and
=2 2,()+GGo (1)

)4 Da

¢ /ZVMD(a),h,L,(),m+2n’, k) dk

X —diwl, /0 1 wﬁoz’;’%(z, 0) e % F 1@ 860D (Jo(1) — Jo(2) dz.

Substituting these limits into (E.1) we obtain that, in the large-o regime,

R*(t) = R§ — 2B’} / ;) AXByE O[(Jo(1) = JoGE(0)* + (JoG®) — Jo(Z))*]1dZ’
- f'éz%@(r), 0) [ 1K lby(@, &) dr’ do

- Jo(1) = Joz(1)))?
C [ SBre G0),0) [ by, k)1 dK do oD = Tz

[ 28,0 (Z1),0) [ - Im(bV,.bs(w, k)) dx’ dw

20 _ Jo() = Jo(z
B G0 ] o, R P 4 Jo(1) = JoE(1)))

2] BaBaz (Z(1), 0) [ 1by(, K)* dr do

—ol - Jo(1) — Jo(Z())2,
o fZ—iézﬁo(i(l),ﬂ)fIbs(w,fc/)|2dn/dw( o) = Jol()

+4a’?

where Z(¢) is defined by (C.3). If we assume that the relative bandwidth B « 1 so that
32,;)(2, A x> 32(2, A) for any @ € (1 — B, 1 + B), then the expression of R%(t) can be
simplified to

1

R*(t) = Rj — 2po*I2 / ABo(Z, 0)[(Jo(1) — JoG(1)))* + (Jo(Z) — ToZ(1)))*1d7’
zZ(1)

+4Kglie? (Jo(1) — Jo(Z(1)))* +4Qolza(Jo(1) — Jo(Z(1)))
_ 212 A)\KZ(Z(I)a 0)
T Ba(3(1), 0)

We can write R(¢) in terms of the original variables by using the expressions (28) for o and
B, which gives (37).

(Jo(1) — JoG()))*.

Appendix F. Proof of proposition 4.3

The spectral width K?(¢) converges to K (t) as ¢ — 0, where K (¢) is given by

[ 1811 Wiy ko). 1m) (@5 1, LYbs(0, 62)bs(@, k4) Akt disa dieg do
L [ Wiy ). .m0y (@5 £, L)bg(@, K2)bs (o, k1) dy disy diey dw

[ [IE+K D, h, L0, k+2k, k) e " |b(w, k)| dk dr’ dh dw

B [ [ D(w,h,L,0,k+2K, K)|by(w, k)|?e " dedr' dhdo

K%(t) =

(F.1)
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In the regime o > 1 and B < 1 we obtain

o ArBa(3(1), 0
K*(t) = K5 — 2817 / ArBo(z, 0y dz — 2AP2E0.0), 2
HO) B(2(1), 0)
where K| is the spectral width (39) of the incoming beam. Substituting the value of 8 we get
expression (44).

(F.2)

Appendix G. Proof of proposition 4.4

The spatial cross correlation function A®(z, ) has the limit A(¢, ) as ¢ — 0:

T W), o1 (@, 1, L) e E1=RAR0Th (¢ Kz)i?_s(w, K4) dk1 dky dkg do
[ W), 1.0 (@, 1, L)bg(@, 62)bs(@, K4) dky diss dieg do

[ [ D@, h L0, k+K, k—r)eMe " h(w, k)| dx dw’ dh do

T [ [ D@ h L0, R+ 25, K) e [by(w, ) dr dr’ dh do

Alt, z) =

In the limit ¢ — 00, we obtain by using lemma D.1 that A(z, ) has the form:

2 el = > >
284 [ Boz, E)—By(7,0)d7 s A
e Pz fro B ) ~B0@.0) &2 [fe*”‘ T\ bs(w, n')|2dl<.:'] dow

f Z’ngé%(z(t), z)
J &Bs2 @1, 0] [ 1by(@. &) dw'] doo

where Z(#) is defined by (C.3). If we also assume that the relative bandwidth B < 1, then the
expression can be simplified to

’

Alt, z) =

. o
By(Z(1), ) W26 [ Bl B0 [[ e % by(w, K')|* dx’ dw

A = — _
¢, ) By(Z(1), 0) [ 1bs(w, &)|* dr’ dw

In the original variables, we obtain (46).

Appendix H. Proof of proposition 4.5

The spectral cross correlation function S®(t, k) has the limit S(¢, k) as ¢ — 0:

[ ] Wesym), s (@, £, L)bg(@, K2)bs(@, K4) disy diy dicg do
L [ Wiy ). r.m) (@5 £, L)bg(@, K2)bs(o, k4) Ay diy diey dw

S, k) =

_ [ [D(@,h, L, —k, ki + K2+ K, K| — K2) e " h(w, fiz)l;_s(a), Ky + k) dk| dry dh dw

[ [ D(@,h,L,0, Kk + k), k1 — K2) e |by(w, K,)|? dk dky dh do
In the limit &« — o0, we obtain by using lemma D.1 that S(¢, &~ ') has the form:
JJ £ Be G0, 2 (To(1) = JoGONKL)by(@, k)P X (@, k) diade
[ & B22 @(0). 0)lby(@, K2)? dr doo

B o Bo@ il & o) =270 G0+ To @M+ Bo(F L 2 [To(h) = o)) —2Bo (' ,0) 7
0

Sit,a k) =

)

* o X g

X(w,ky) =e
x 2 B To(=ToGW)mmal

32



Inverse Problems 25 (2009) 045005 J Garnier and K Sglna

where Z(¢) is defined by (C.3). If we also assume that the relative bandwidth B < 1, then the
expression can be simplified to

Br(Z(1), (Jo(1) — Jo(Z()))KL,)
B2 (Z(t), 0)
o« & oy Bo@ b LTo()=2T0 GO+ To @D +Bo L Lo (D ~T o)~ 260 (Z',0) &2
ff e2i(j0(1)—jo(Z(I)))N'Nzlf|[;S(w’ K2) |2 dky dw
[ 1bs(w, K2 dr’ do '

In the original variables, we obtain (48).

S(t,a_lm) =

Appendix 1. Proof of proposition 5.1

The mean reflected power observed in the relative direction & is given by

1 ~ =~
Pn(t) = W / o / W(no+n,n2),(n(,+n.n4) (wa t, L)bs(w» ’QZ)bs(a)a "'"4) dK/O d""'Z d""l4 do
1
= W/'-'/D(w,h,L,O,I{0+I€+K2,K0+K2—Hz)

x e M\ hy(w, Ky)|? drg diy dh dw.

If we take into account the fact that the angular aperture of the input beam is small, i.e. much
smaller than o' (wol, /&) ™', and that it is quasi-monochromatic, i.e. B < 1, then we find that
the mean reflected power observed in the relative direction & is

E, 4
P.(t) = Eff D(wo, h, L, 0, k, —2ko + k) e " dh dkg, 1.1)

where Ej is the input energy defined by (35). In the large-o regime, we observe the reflected
wave in a cone of angular aperture of order ! and by lemma D.2:

dr Pex (=~
Py (1) =X M@(m) 0) eG1G0EO)~GoD)]
o K 2L N

x[1—e Lo Bo@00dZ | (28 [ BoZ Ll To(D)=To D —Bo(Z.0) ]

3

where Z(¢) is defined by (C.3). In the original variables we obtain (49).

References

[1] Asch M, Kohler W, Papanicolaou G, Postel M and White B 1991 Frequency content of randomly scattered
signals SIAM Rev. 33 519-625

[2] Barabanenkov Y N 1973 Wave corrections for the transfer equation for backward scattering Izv. Vyssh. Uchebn.
Zaved. Radiofiz. 16 88-96

[3] Claerbout J F 1985 Imaging the Earths Interior (Palo Alto: Blackwell)

[4] Fante R L 1985 Wave propagation in random media: a systematic approach Progress in Optics vol 22 ed E Wolf
(Amsterdam: Elsevier) pp 341-98

[5] Fouque J-P, Garnier J, Nachbin A and Sglna K 2006 Imaging of a dissipative layer in a random medium using
a time reversal method Monte Carlo and Quasi-Monte Carlo Methods 2004 ed H Niederreiter and D Talay
(Berlin: Springer) pp 127-45

[6] Fouque J-P, Garnier J, Papanicolaou G and Sg¢lna K 2007 Wave Propagation and Time Reversal in Randomly
Layered Media (New York: Springer)

[7]1 Fouque J-P and Poliannikov O 2006 Time reversal detection in one-dimensional random media Inverse
Problems 22 903-22

[8] Garnier J and Sglna K 2008 Random backscattering in the parabolic scaling J. Stat. Phys. 131 445-86

33


http://dx.doi.org/10.1137/1033136
http://dx.doi.org/10.1088/0266-5611/22/3/011
http://dx.doi.org/10.1007/s10955-008-9488-0

Inverse Problems 25 (2009) 045005 J Garnier and K Sglna

[9]

[10]
(11]

[12]
[13]

[14]
[15]

[16]
(17]
(18]
[19]
(20]

(21]

34

Huang K, Papanicolaou G, Sglna K, Tsonga C and Zhao H 2005 Efficient numerical simulation for long range
wave propagation J. Comput. Phys. 215 448—64

Ishimaru A 1978 Wave Propagation and Scattering in Random Media (New York: Academic)

Labeyrie G, de Tomasi F, Bernard J-C, Miiller C A, Miniatura C and Kaiser R 1999 Coherent backscattering of
light by atoms Phys. Rev. Lett. 83 5266-9

Paasschens J C J 1997 Solution of the time-dependent Boltzmann equation Phys. Rev. E 56 1135-41

Papanicolaou G, Postel M, Sheng P and White B 1990 Frequency content of randomly scattered signals: Part
II. Inversion Wave Motion 12 527-49

Strohbehn J W (ed) 1978 Laser Beam Propagation in the Atmosphere (Berlin: Springer)

Tappert F 1977 The parabolic approximation method Wave Propagation and Underwater Acoustics
ed J B Keller and J S Papadakis (Berlin: Springer) pp 224-87

Thrane L, Yura H T and Andersen P E 2000 Analysis of optical coherence tomography systems based on the
extended Huygens—Fresnel principle J. Opt. Soc. Am. A 17 484-90

Tourin A, Derode A, Roux P, van Tiggelen B A and Fink M 1997 Time-dependent coherent backscattering of
acoustic waves Phys. Rev. Lett. 79 3637-9

van Albada M P and Lagendijk A 1985 Observation of weak localization of light in a random medium Phys.
Rev. Lett. 55 2692-5

van Rossum M C W and Nieuwenhuizen Th M 1999 Multiple scattering of classical waves: microscopy,
mesoscopy, and diffusion Rev. Mod. Phys. 71 313-71

White B, Sheng P, Postel M and Papanicolaou G 1989 Probing through cloudiness: theory of statistical inversion
for multiply scattered data Phys. Rev. Lett. 63 2228-31

Wolf P E and Maret G 1985 Weak localization and coherent backscattering of photons in disordered media
Phys. Rev. Lett. 55 2696-9


http://dx.doi.org/10.1016/j.jcp.2005.11.003
http://dx.doi.org/10.1103/PhysRevLett.83.5266
http://dx.doi.org/10.1103/PhysRevE.56.1135
http://dx.doi.org/10.1016/0165-2125(90)90023-W
http://dx.doi.org/10.1364/JOSAA.17.000484
http://dx.doi.org/10.1103/PhysRevLett.79.3637
http://dx.doi.org/10.1103/PhysRevLett.55.2692
http://dx.doi.org/10.1103/RevModPhys.71.313
http://dx.doi.org/10.1103/PhysRevLett.63.2228
http://dx.doi.org/10.1103/PhysRevLett.55.2696

	1. Introduction
	2. Waves in a random medium
	2.1. Scaling
	2.2. Mode decomposition
	2.3. Boundary conditions
	2.4. Reflection and transmission operators

	3. Asymptotic analysis of the reflection operator
	3.1. Transport equations in the weak backscattering regime
	3.2. Fraunhofer approximation and narrow bandwidth

	4. The second-order statistics of the reflected waves
	4.1. Mean reflected intensity
	4.2. Beam width
	4.3. Spectral width
	4.4. Spatial cross correlation function
	4.5. Spectral cross correlation function

	5. Enhanced backscattering
	6. Statistical stability and inverse problems
	6.1. Preliminary discussion
	6.2. Reconstruction of the background velocity and scattering coefficient
	6.3. Detection of an interface

	7. Numerical simulations
	7.1. Detection of background velocity change
	7.2. Detection of change in microstructure

	8. Conclusions
	Acknowledgments
	Appendix A. The generalized system of transport equations
	Appendix B. The system for the dimensionless density
	Appendix C. Proof of proposition 4.1
	Appendix D. Asymptotic expressions for the cross spectral density
	Appendix E. Proof of proposition 4.2
	Appendix F. Proof of proposition 4.3
	Appendix G. Proof of proposition 4.4
	Appendix H. Proof of proposition 4.5
	Appendix I. Proof of proposition 5.1
	References

